THE WEYL PROBLEM WITH NONNEGATIVE GAUSS 
CURVATURE IN HYPERBOLIC SPACE 

JUI-EN CHANG AND LING XIAO 

Abstract. In this paper, we discuss the isometric embedding problem in hy- 
perbolic space with nonnegative extrinsic curvature. We prove a priori bounds 
for the trace of the second fundamental form H and extend the result to n- 
dimensions. We also obtain an estimate for the gradient of the smaller principal 
curvature in 2 dimensions. 



1. Introduction 

In 1916, H. Weyl posed the following problem: Consider a two-sphere S 2 and 
suppose g is a Riemannian metric on S 2 whose Gauss curvature is everywhere 
positive. Does there exist a global C 2 isometric embedding X : (S 2 ,g) — > (R 3 ,cr), 
where a is the standard fiat metric in M 3 ? 

The first attempt to solve the problem was made by Weyl himself. He used the 
continuity method to obtain a priori estimates up to the second derivatives. In 
1953, L. Nirenberg :M53] gave a complete solution under the very mild hypothesis 
that the metric g has continuous fourth derivative. 

In 1964, A.V.Pogorelov [Po64 obtained several important refinements to the 
differential geometry of 2-dimcnsional submanifolds F of smooth 3-dimensional 
Riemannian manifolds R. The proof is based on derivative estimates which refine 
and complete his earlier work with A. D. Aleksandrov [AP50 

The Weyl estimate was later generalized to the case of nonnegative curvature in 
Euclidean space by J. A. Iaia |Ia92| and P. Guan, Y. Li in [GL94] . They obtained a 
C 1 ' 1 embedding result for metrics of nonnegative Guass curvature; see also [HZ95 
for a different approach to the C 1 ' 1 embedding result. Later in 1999, Y. Li and G. 
Wcinstein LW99 extended the estimates obtained in [GL94J to n-dimensions. 

In this paper, we discuss the isometric embedding problem in hyperbolic space 
with nonnegative extrinsic Gauss curvature. As in the Euclidian case, the image 
of such an embedding, if it exists, bounds a convex body. However, the loss of 
strict positivity of K leads to degenerate Monge-Ampere equations which arises 
difficulties. 

By combining A.V. Pogorelov's method with the results obtained by B. Guan, 
J. Spruck and M. Szapiel |GSS09j and [GSllj . we can also obtain a priori bounds 
for principal curvatures of any strictly convex closed hypersurface with positive 
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sectional curvature in H ,l+1 . Moreover, we proved that when the sectional curvature 
is equal to —1 at finitely many points, the above statement is still true. 

For the case of strictly positive Gauss curvature, it's well known that the reg- 
ularity exists, because the corresponding PDE is uniformly elliptic. Thus, if the 
given metric is C°°, then the resulting embedding is C°° . However, this does not 
hold in the case under consideration. So, another natural question to ask is the 
regularity of the embedding. 

The main theorems of this paper are the following: 

Theorem 1.1. Let g G C 4 be a Riemannian metric on S 2 with Gauss curvature 
satisfying 

1) K{Pi) = -1, 1 < i < n; 

2) K(Q) > —1 for any Q ^ Pi, where {P{\ G S 2 are finite isolated points. 
Then there exists a C ' isometric embedding X : (S 2 ,g) — > (M 3 ,h) where h — 
(i—l^pp (dx^ + dx2 + dx^). 

By studying the regularity of the embedding, we also prove 

Theorem 1.2. If g G C 5 , under the hypothesis of Theorem \l . l\ and also assume that 
limsupg^p. \VK\ 2 /K = C < 00 and liminfQ_ i .p i H{Q) = c > 0, then k\ G C ' 1 in 
B r (Pi), where Ki is the smaller of the two principal curvatures andr > sufficiently 
small. 

We extend the results of Theorem |1.1| to higher dimensions by bounding the 
mean curvature H in terms of the scalar curvature and its Laplacian. This is a 
direct generalization of the Weyl estimate. 

Theorem 1.3. Let g be a C 4 metric with sectional curvature > — 1 and let X : 
(S n ,g) —> H™ +1 be a C isometric embedding. Suppose the sectional curvature S of 
g satisfies 

(1) S{Pi,x) = -1 for some X G f\ 2 T Pi M; l<i<n, 

(2) S(Q) > —1, for any Q 7^ Pi, where {Pi} G S n are finite isolated points. 

Let H be the trace of the second fundamental form of X, and let R be the extrinsic 
scalar curvature of g. Then, the following inequality holds: 

(1.1) H 2 <C 1 \AR\ + C 2 (R 2 + R). 

where C±, C2 depends only on the metric g and dimension n. 

An outline of the contents of the paper are as follows. Section [2] contains the 
estimate of mean curvature and proves Theorem |1.1| Section [3] introduces the rela- 
tions between different models of hyperbolic space, and also state how to transform 
the coordinates of a small neighborhood to simplify the calculations, which will be 
used in Section[4]to prove Theorem 1.2 and also in Section[5]to prove Theorem 1.3 



The use of the transform map between two different models is unusual, but seems 
to be necessary in proving the partial third derivative estimates. 
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2. A MEAN CURVATURE ESTIMATE 

Theorem 2.1. Let g G C 4 be a Riemannian metric on S 2 with Gauss curvature 
satisfying 

1) K{Pi) = -1, 1 < i < n, 

2) K{Q) > — 1 for any Q ^ Pi, where {Pi} G S 2 are finite isolated points. 
Then, there exists a C ' isometric embedding X : (S 2 ,g) —> (M 3 ,h) where h = 
(i—l^pp [dx\ + dx 2 + dx\). 

Proof. Following [GL94 we first approximate g° in C 4 by a sequence of C°° metric 
g e with corresponding intrinsic Guass curvature {K e }, such that K e > —1 every- 
where. Then, we can apply the result from |Po64] to g e and therefore obtain a 
sequence of C°° isometric embeddings 

X* :(S 2 ,g°)^(U 3 ,h). 

It's not difficult to see that there exists constants a, (3 > (independent of e), such 
that for all e > 0, 

-1< K e < a 

and 

diam(X e ) < 13. 

We immediately have that 

\\X^\\ c o<C. 

In local coordinates, 

g° = E°du 2 + 2F°dudv + G°dv 2 , 

g e = E e du 2 + 2F e dudv + G e dv 2 . 

We already know that X € : (S 2 ,g e ) — > (H 3 ,/i) is an isometric embedding, so we 
have 

(Xl,Xl) B 3 =E e , (Xl,X^) m =F e , (X^,X^) m =G e . 
It follows easily that 

||V fl oJSfi C o < C, 

where C is independent of e. 

The following will be devoted to establishing a bound on ||Vg X £ ||co, which is 
independent of e. Once we obtain such a bound, the limit of X e as e — > will be 
a C 1 ' 1 isometric embedding of g°. For convenience, in the following we drop the 
dependence on e in our notation. 

Next, we will prove 

(2.1) maxtf<C, 

s 2 

where C is a constant independent of e. 
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In hyperbolic space we have 
4 

(2.2) ^ _ | x |2)2 ( X U ,X U ) R3 = (X U ,X U ) W = E = gu, 

4 

(2-3) _ |ar| 2 ) 2 \Xu,X v ) R3 = (X U ,X V ) B 3 = F = g 12 , 

4 

(2.4) (1 - |a;| 2 ) 2 ^"'^^R 3 = (^'^)h 3 = G = g 22 . 

Let the orientation be chosen so that the inner unit normal is given by 

(2 ' 5) X =Veg-f* = T^W Xe > 

where Xe is the Euclidean unit normal. The second fundamental form is then 
given by 

II = Ldu 2 + 2Mdudv + Ndv 2 

where 

(2.6) l = - (x u ,x u ) H3 = (y Xu x u ,x) w , 

(2-7) M = -(X v ,X u ) H3 = (V Xu X v ,X) M3 , 

(2-8) N = -(X v ,X v ) m = (V Xv X v ,X) m . 

Hence the intrinsic Gauss and mean curvature are: 
, N LN — M 2 

(2-9) K = ~ 1+ EG^W 

and 

1 GL-2FM + EN 

(2 ' 10) H "2 E~G~^F~2 • 

The Gauss equation takes the form: 

(2.11) Vx„x„ = r^x„ + r n i„ + lx, 

(2.12) Vx„X„ = r} 2 X„ + T\ 2 X V + MX, 

(2.13) V Xv X v = T l 22 X u + T 2 2 X V + NX, 

where = \g kl {digji + djgu — digij) with d\ = d u and d 2 = d v . The Weingartcn 
equations take the form: 

(2.14) -X U = L\X U + L\X V , 

(2.15) — X v = L 2 X U + L 2 X V , 

where {Lj} are expressions involving L, M, N and E, F, G. The Mainardi-Codazzi 
equations take the form: 

(2.16) L V ~M U = LT\ 2 + M (V 2 12 - T^) - NT 2 ^, 

(2.17) M v -N u = LT\ 2 + M (T 2 2 - T\ 2 ) - NT 2 12 . 
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Let p = 1 _^| 2 . We consider the following function on S 2 , 

I = e ap H, 

with a > to be determined later. Without loss of generality, we assume there 
is only one singular point P € S 2 such that lim^o K e (P ) = —1. Let S = 
inf S 2 /B r (p ) K > —1 and be independent of e. Then, by a Theorem in |Po64j (page 
216), we have 

(2.18) H < C* , for VP G S 2 \B r (P ), 

where Co depends only upon the metric of S 2 \B r (P ) and the metric of the space. 

Next, we will focus on estimating the curvature inside P r (Po). Since we use the 
ball model for hyperbolic space, we can always choose our origin very close to X(Pq) 
such that for any point P G X(B r (P ) n S 2 ) we have |P|r 3 = v\ + P% +P3 < TUo- 
(We always assume r is small.) Restricting the function / on X(B r (Po) OS 2 ), we 
can see that if M — maxpfzx(B r (Po)ns 2 ) f is achieved on the boundary, then we 
would have 

e ap H < e 3a C for VP e X(B r (P Q ) n S 2 ). 

Therefore, we assume M is achieved at an interior point Q. Let's write the metric 
g = g e near Q in conformal coordinates: 

g = e 2h (du 2 + dv 2 ), 

where (u,v) = (0,0) corresponds to Q, and 

h = d u h = d v h = Oat (0,0). 

The intrinsic Gauss and mean curvatures become 

LN - M 2 



(2.19) K = -l- 

<*■*» 

where A = d\\ + 822, also, the Mainardi-Codazzi equations 



(2.22) L 2 -M l = h 2 {L + N) = 2He 2 ' l h 



2) 

(2.23) M 2 - Ni = -hx(L + N) = -2He 2h h l . 
Clearly A g K = e~ 2h AK. Differentiating ( |2.19[ ), we have 

(2.24) = — (LiN + LN X - 2MM X ) - \h x (K - 



K u = -^(L U N + LN n + 2JV1L1 - 2M 2 - 2MM n ) 

1.2/ 



8/ixisTi - 4^ii (AT + 1) - 16^(isT + 1), 
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(2.26) 



K 2 = -^-{L 2 N + LN 2 - 2MM 2 ) - Ah 2 (K + 1) 



(2.27) 



K 22 = ^(L 22 N + LN 22 + 2N 2 L 2 - 2Af| - 2MM 22 ) 
- 8h 2 K 2 - Ah 22 (K + 1) - l&hl(K + 1). 



Apply d 2 to \2.22) , di to ( |2.23| >, and add together 

(2.28) {-L 2 + 2He 2h h 2 ) 2 = (-Ni + 2He 2h h 1 ) 1 

which yields 



(2.29) Nn = L 22 + 2Hihie m - 2H 2 h 2 e 2h + 2(hu - h 22 )He 2h + 4(ft? - h 2 2 )He 2h 



Differentiating (2.20) gives 
(2.30) 



(2.31) 



2Hu = Ll1 ^ Nl1 - 8hiHi - 8h\H - 4h n H, 



(2.32) 



Lo + N 2 
2H 2 = - ih 2 H, 



(2.33) 2H 12 



L\ 2 + Ni 2 



4h 2 Hi - Ah 12 H - AhiH 2 - 8h!h 2 H, 



(2.34) 



2i?22 = + 2h 22 - 8/l 2#2 - 8h 2 H - 4h 22 H. 



Applying d\ to (2.22) and d 2 to (2.23), we obtain 

(2.35) Mn = L 12 - 2H ie 2h h 2 - 2He 2h h 12 - AHhih 2 e 2h , 



(2.36) 



So, we have 



(2.37) 



M 22 = N 12 - 2H 2 e 2h h 1 - 2He 2h h 12 - AHhih 2 e 



,,2/1 



: JV(L n + L 22 ) + L(JV U + A 22 ) - 2M(M n + M 22 ) 
2{LiNi + L 2 N 2 - Aff - Mf ) 

e" h \8h x Ki + 8h 2 K 2 + 4(hn + h 22 ){K + 1) + \&{h\ + h 2 )(K + 1)]. 
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Substitute ( pl9| , $2~35^ , and ([236]) into ( p37| we get 
(2.38) 



e 6h A g K = N[Lu + N n - 2H 1 h 1 e 2h + 2H 2 h 2 e 2h - 2(h n - h 22 )He 



„2h 



2/n 



-A(h\-hl)He 
+ L[L 22 + N 22 + 2H 1 h 1 e 2h - 2H 2 h 2 e 2h + 2(h n - h 22 )He 2h 
+ 4(fr 2 - h 2 2 )He 2h ] 

~ 2M[L 12 + N 12 - 2{R x h 2 + H 2 h x )e 2h - 4He 2h h 12 - SHh^e 2 ' 1 } 
+ 2{L l N l + L 2 N 2 - Ml - Ml) 

- e 4,l [8/iiifi + 8h 2 K 2 + 4(/i u + h 22 ){K + 1) + \&{h\ + h 2 2 ){K + 1)]. 



Plug in ( |2.31| , ( |2.33[ ), and ( |2.34[ ) we obtain 
(2.39) 

e 6h A g K = N[2e 2h H n + dH^e 2 * 1 + 2H 2 h 2 e 2h + 2(h u + h 22 )He 2h 
+ 4(h 2 + h 2 )He 2h ] 



+ L[2e 2h H 22 + 6h 2 H 2 e 2h + 2H 1 h 1 e 2h + 2(h n + h 22 )H 
+ 4(h 2 + h 2 )He 2h ] 



,2ft 



„2ftl 



- 2M[2e 2h H 12 + 2[H x h 2 + H 2 h x 
+ 2(LiJVi + L 2 N 2 - Ml - Ml) 

- e ih [8/nATi + 8/i 2 X 2 + 4(/i u + /i 22 )(X + 1) + \&{h\ + h 2 )(K + 1)]. 
Regrouping the terms and using (2.21), we get 

(2.40) 

e 6h A g K = 2e 2h (NH n - 2MH 12 + LH 22 ) + 2(L 1 7V 1 + L 2 N 2 - Ml - M 2 ) 
+ N^H^e 211 + 2H 2 h 2 e 2h + 2(h n + h 22 )He 2h + A(h\ + h 2 )He 2h ] 
+ L[6H 2 h 2 e 2h + 2H 1 h 1 e 2h + 2(h n + h 22 )He 2h + 4(h 2 + h 2 )He 2h ] 
-AM(Hih 2 +H 2 h 1 )e 2h 



- e 4,l [8/ii^i + 8h 2 K 2 - 4K(K + 1)< 
From ( |2.30[ ) and ( |2.32| , we derive that 



-2ft 



16(fc? + /£)(# + !)]. 



(2.41) 



IaNi < -(ii + iVi) 2 = e 4 ' l (i?i + 2/ni?) 2 , 



L 2 7V 2 < -(L 2 + iV 2 ) 2 = e 4h (H 2 + 2h 2 H) 2 . 



(2.42) ' ^ ' ' ^ 1 v,: 
By ( |2.20| , ( |2.21[ ), \2Al\ , \2A2\ and that at point Q,h = h 1= h 2 =0 we have 

(2.43) A g K < 2(NH n - 2A/i?i 2 + LH 22 ) + 2 (if 2 + iff) - 4fTff 2 + 4fsT(iC + 1). 
By assumption, we have at point Q, 

(2.44) MQ) = 0, i=l,2. 
Thus 

(2.45) / 4 = ae a "J? ft + e^H, = 
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and 

(2.46) fij = e ap (a 2 H PlPj + aH lPj + aH jPl + aH Pij + ffy), 
where i,j = 1, 2. Therefore, the following hold at Q, 

(2.47) flt = -apiH, H 2 = -a P2 H, 

(2.48) flu = -aHpn + a 2 p\H + f u e-°">, 

(2.49) fl 12 = -aflp 12 + a 2 pip 2 fl + A 2 e- Qp , 

(2.50) fl 22 = -aflp 22 + a 2 p 2 H + f 22 e~ ap . 
Since at Q, f achieves a local maximum, we also have 

{fij(Q)}<0, l<i,j<2. 

Thus 

NH n - 2MH 12 + LH 22 < H[L{-a P22 + a 2 P f) - 2M(-a Pl2 + a 2 PlP2 ) 

+ N(-ap n +«>;)] 

and 

(2.52) {Hl+H 2 2 ) =H 2 a 2 ( P 2 1+P 2 2 ). 

Combining ( |2.43[ ), ( |2.51[ ), and ( |2.52[ ) we obtain 
(2.53) 

A g X < -2afl(Lp 22 - 2Aip 12 + jV Pll ) + 2a 2 fl(L + N){ P \ + P \) 
+ 2H 2 a 2 ( P i + P \) + AH 2 + 4K(K + 1) 

= -2aH{L P22 - 2A/p 12 + Np n ) + 6H 2 a 2 ( P 2 + P \) + AH 2 + 4K{K + 1). 
Now, let r = X\ + £ 2 gf^ + ^3gf^- Then, we have 
(2-54) p u = (f,X u ) H3 , p„ = (f,X w ) H 3 , 

(2-55) Pl+ Pi < (r,r) M3 , 

(2.56) „„. = ^E + f!, (^.f^+lfc + ^<X,rV, 

(2.57) „„„ = + ^ (I;, f) + (A, f) + M (X, f)„ , 



and 



1 + 


M 2 


1 - 


M 2 


1 + 


M 2 


1 - 


\x? 


1 + 


\x\ 2 



HP 
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Therefore, at point Q, we have 
(2.59) 

^9 



A g K < -2aH {Lp 22 + Np u ) + 6H 2 a 2 (pi + pi) + AH 2 + AK(K + 1) 



< -2aH 



+ N (X, rX*) + N (£M_S + L (X, r\ 3 ) 
+ 6a 2 H 2 (r, r) H3 + AH 2 + AK(K + 1) 

< _ 4aH 2i±^ 6a 2 H 2 4|x| 2 4jff2 K 

— 1 _ Irr 2 I IO\2 ' 



l + |x| 2 | 6 a 2 \x\ 2 
l-\x\ 2 (l-^ 2 )" 



Now choose a — 2, by our assumption, at Q, \x\ 2 < jgg. Hence, we get 

(2.60) A g K < -H 2 + C(K), 
which implies 

(2.61) H 2 < G(K) - A g K. 
Therefore, 

(2.62) max / < e 2p{Q) H{Q) < C, 
x(B r (p )ns 2 ) 



from which we conclude, 



maxH < C 

S 2 



where C is independent of e. This completes the proof. □ 



Remark 2.2. From equation (2.591, we can see that if \x\ 2 < 6a2 a ~ a 1 _ 1 for some 
a > 1 (i.e. diam(X e ) is small in the hyperbolic space), then the existence of a C 1,1 
embedding is true as long as K > —1 on S 2 . 



3. Different models of hyperbolic space 

3.1. Ball model and upper half-space model. Some times it's easier to do 
calculations in the upper half-space model instead of the ball model. Therefore, we 
can use the transformation function between the coordinates: 
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4>(x,y,z) ■■ 



1 



x 2 + y 2 + (z + l) 2 
1 



(2x,2y,x 2 



{2x,2yA 



y 2 + z 2 -i) 



V 



x 2 + y 2 + (z - l) 2 

In the next section, we are going to get estimates around singular points. So it 
will be helpful if we can transform coordinates of a neighborhood of the singular 
point such that it can be represented as a graph in the upper half-space model. 

For any point P belonging to our submanifold, wc want to make a neighborhood 
of P to be graphical over the xy-plane in the upper half-space model. We can 
achieve this by the following procedure: 

Stepl. Use the inward normal vector N of P, we can get a geodesic ^(t) starting 
from P with tangent N; 

Step2. Rotate P such that N is parallel to the -g- direction. Then choose some 
d > 0, such that 7(d) is the origin, and 7QO, d]) lies on the z-axis in the unit ball 
coordinates. 

Step3. Use the transformation (j)" 1 above to get P G z— axis in the upper 
half-space coordinates, and the normal N is parallel to Jj. Therefore, there is a 
neighborhood of P which can be written as the graph of a function z = u(x, y) over 
the xy-plane. Moreover, Vz = at (0,0). 

Note that the above procedure is true for n-dimensions. 

3.2. Vertical graph in upper half-space model. We will use the half-space 
model 

H™ +1 = {(x,x n+1 ) G « n+1 : x n+1 > 0} 
equipped with the hyperbolic metric 



(3.1) 



V n+1 dx 2 
2 Z^i+i ad -i 



ds z = 
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If E is the graph of a function u(x) and x G ft C i?" x {0}, 

£ = {(x, x„+i) : a; G ft, £„+i = u(x)}, 

then the coordinate vector fields and downward unit normal are given by 

Aj = e l + Uje„ + i, n = w = u , 

w 

where w — yl + |Vu| 2 and ^ is the Euclidean downward unit normal to S. The 

first fundamental form gij is then given by 

1 gf. 
(3.2) g i:j = (Xi,Xj) nn+1 = —{Sij + muj) = 

To compute the second fundamental form hij, we use 

(3-3) r*j — { — SjkSin+1 — + SijSkn+l) 

Xn+1 

to obtain 

(3.4) V v A', = (j ij - Ui j- : M '0 e n+1 "•■ + ^ 

Then 



i 



(3.5) hij = (V XiXj,uv) mn+1 = ^2^($ij + UiUj + uuij). 



4. Proof of Theorem 1.2 

4.1. Partial third derivative estimates. In this subsection, we will establish 
the following lemma. The argument is based on the argument originally given 
by E. Calabi |Ca58j . see also |CNS84| and [Ia92j . Note that in this section, for 
convenience, we denote the extrinsic Gauss curvature by K . 

Lemma 4.1. In a neighborhood of (0,0), 

(4.1) La> a l- C L 

K ' - 2 if 4 

holds, where 

(4.2) La = p^o-ij 



(1 + |Vu| 2 ) 

a = p kl p Pq p rS pkprPlqs, 



P : 



2 ' 

and C is a constant depending on the maximum of — near (0,0), the maximum of 
\K\ C 2, the maximum of K 1 / 2 \V 3 K\, the maximum of \\7 K\ 2 /K, and the maximum 
of mean curvature H. 

Remark 4.2. The reason for the presence of the term \VK\ 2 /K instead of 1/K 
is that for a large class of functions satisfying K(0,0) = and K(Q) ^ when 
Q ^ (0, 0), the quantity \VK\ 2 /K is bounded while 1/K is not. 
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2, 2 

Proof. In the following let p = — x . By (3.5) we have 

(4.3) u 2 whij = pij, where w — yjl + |Vu| 2 . 
Hence, 

(4.4) detpij = detklJ = u A w 2 K. 

det g det g 

Since g i3 = 4, (% + UiUj) , 



1 



det^ = — 



1 + Uf U\U2 
U2U1 1 + Uq, 



w 



(4.5) det ftj =w 4 if = J ft:(l + |Vu| 2 ) . 
Denote m = K (l + |Vit| 2 ) 2 , then we have 

log (det p^) = logm. 
Differentiating three times gives 

(4.6) p ij p ijk = (log m) k , 

(4.7) P V] Ptjkp = P™ PabpP b ' J 'Pijk + OgHfcp . 

P %J ' Pijkpr = P % ° Pabrp hj ' Pijkp + P^PabprP^Pijk + P % ° ' PabpP^ ' Pijkr 
( 4 - 8 ) ' o *e da bi 

- 2p lc p cdr p aa p abp p D: > p ijk + (\ogm) kpr 

Next, consider 

(4.9) a = p kl p pq p rs pkprPi qs , 

Differentiating it with respect to Xi we get, 

O-i = {-p ka paU P bl p Pq p rS ~ p U p Va paUp bq p ra -p kl p m p ra PaUp hS ) PkprPlas 

+ 2p kl p pq p rs p kp „pi qs . 

Now fix a point P and rotate about P so that {pij} is diagonal at P. Thus, in these 
coordinates at the point P, we have 

„2 

ij n PkprPkprii i kpri PkliPlpr Pkpri 

p J a tJ = 2- 



PiiPkkPppPrr PiiPkkPppPrr PiiPkkPllPppPrr 

^ PrsiPkpsPkpri ^ Pkpr Plpr Pklii Pkpr Pkps Prsii 



(4.11) 



PiiPkkPppPrr Pss PiiPkkPllPppPrr PiiPkkPppPrr Pss 

^ PaliPkai Pkpr Plpr . ^ PraiPasi Pkpr Pkps 



Paa PiiPkkPllPppPrr Paa PiiPkkPppPrr Pss 

PkliPpqiPkprPlqr . ^ PkliPrsiPkpr Pips 
PiiPkkPllPppPqqPrr PiiPkkPllPppPrr Pss 
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Consider the first term in (4.11) and use (4.8) to get 



(4.12) 



2 PkprPkprii ^ Pkpr Piikpr 

Pii Pkk Ppp Prr PkkPppPrr Pit 



= 2- 



Pkpr 
PkkPppPrr 



Pabr Pabkp Pabpr Pabk . PabpPabkr 
paaPbb PaaPbb PaaPbb 



n PcdrPdbpPcbk . / n \ 

-2 y - + (log to), 

PccPddPbb 



Thus, 



(4.13) 



p lJ a l3 = 2 



Let 



We have 



(4.14) 



Thus, 



Pkpr Pabr Pabkp . ^ PabkPkpr Pabpr . ^ PabpPkprPabkr 
PaaPbb Pkk Ppp Prr PaaPbb Pkk Ppp Prr PaaPbb Pkk Ppp Prr 



2 

2 Pkpri g PkliPlprPkpri 

Pii Pkk Ppp Prr Pii Pk kPll Ppp Pr 



* PcdrPdbpPcbk Pkpr 

pbbPccpddPkkPppPrr 

^ PrsiPkps Pkpri ^ Pkpr Plpr Pkl ii PkprPkpsPrsii 

Pii Pkk Ppp Prr Pss Pii Pkk Pll Ppp Prr Pii Pkk Ppp Prr Pss 

. ^ Pali Pkai Pkpr Plpr . ^ PraiPasiPkpr Pkps 

Paa Pii Pkk Pll Ppp Prr Paa Pii Pkk Ppp Prr Pss 

2 PkliPpqiPkprPlqr ^ PkliPrsiPkpr Pips ^Pkpr (l°g m )fc pr 



PiiPkkPllPppPqqPrr Pii Pkk Pll Ppp Prr Pss 



PkkPppPrr 



A = 



Pkpr Plqr PkliPpqi 
PiiPkkPppPqqPrrPll 



B = 



P ali Pka i Pkpr Plpr 
PaaRiiPkkPllPppPrr 



j ( 2 Pkpr Pabr Pabkp g PkliPlprPkpri j _j_ 2 Pkp 

11 V PaaPbbPkkPppPrr PiiPkkPllPppPrr ) PiiPkkP 

.Pkpr (log TO) kp 



PkkPppPrr 



+ 3B + 2A + 2- 



PkkPppPrr 



„ Pkpr Plpr /, -| 

3 — - — (log mjki- 

Pll Pkk Ppp Prr 



(4.15) 



P %J Vij = 



(2 o PkliPlprPkpri 

[Pkpri ~ a 
PiiPkkPppPrr Pll 



ZB + 2A 



r, Pkpr (log m) k pr _ ^ PkprPlpr(^Ogm) k i 



PkkPppPrr 

2 

Pii Pkk Ppp Prr 

l 

ZpiiPkkPppP rr 



PllPkkPppPr 



Pkpri 



E 



(PkliPlpr + PpliPklr + PrliPlpk) 
Wll 



E 

L I 



[PkliPlpr + PpliPklr + PrliPlpk) 
Pll 



+ 3B + 2A + 2 Pkpr ^ 0gm ^ kpr - % Pkpr Plpr (tog m)ki 



PkkPppPr 



PllPkkPppPr 



> 2B + (B — A) + 2 Pkpr ^ 0gm ^ kpr - 5 Pk P rPipr^ogm) k i 

PkkPppPrr Pll Pkk Ppp Prr 



14 JUI-EN CHANG AND LING XIAO 

1/2 

NOW, let Vkpr — Pkpr/ (pkkPppPrr) ■ ThuS, B = Vkpr^lpr^kai^lai A = 

Observe that 

yfcpr y fe \ pr / 

( V 

< ^ ^ I ^ ^ ^kpr^lpr J — Vkp r Vlp r Vk a iVl a i -B. 
kl \ pr / 



(4.16) 



Next consider £? — A, 



(4.17) 



< v jri v rkl + VyrkV r il ~ 2Vj r lV r ik^ 



Therefore, 



{VjriVrkl ~\~ v jrk v ril 2l}j r lV r ik) {VjqiVqkl VjqkVqil ^VjqlVqik) 

B-A. 



H \ 2 , o /3fcpr(l0gm)fcpr o PkprPlprQ-0gm)kl 

P &ij a ~r * <J • 

PkkPppPrr PkkPppPrrPll 

2 



Recall that m = K (l + |Vw| 2 ) . We have 
(4.18) 

P^iJ >« 2 + 2"^— [log AT + 2 log (1 + |V U | 2 )] fepr 

f J kkf J ppf J rr 

K, P T P ! P \., + 21og (1 + |V U | 2 )] H 



PkkPppPrrPll 

2 + 2^^- (log K) kpr + 4^^— [log (1 + |Vu| 2 ) 

PkkPppPrr P PkkPppPrr 

PkprPlpr 



3 HkprHlpr (log K) kl - 6 FkprFtpr [log (1 + |Vu| 2 )] 

PkkPppPrrPll PkkPppPrrPll 

2 I o Pkpr ( Kkpr Kkp^r ~t~ ^kr^p ~t~ ^pr^k , r.KkKpK r 
: a + ^ — — 77^ h 2 



where 



PkkPppPrr \ K K 2 K 3 

Pkpr Plpr ( Kkl Kk^l | _|_ g Pkpr^i^ikpr ^ ^ 

PkkPppPrrPll \ K K 2 ) PkkPppPrr (1 + |Vli| 2 ) 



g ^ Pkpr J { u ipr u ik H~ ^ip^ikr H~ ^ir^ikp) 



(4.19) 



PkkPppPrr I 1 + |Vli| 2 

U q U qr (u lp Uik + WjWj 

! (1 + |V«| 2 ) 2 " (l + |Vu| 2 ) 2 

_ ^ UiU lk {ui r U lp + UjUlpr) | ^ UikUlpUqrUjUlUg 1 

(l + |Vu| 2 ) 2 ~ " (1 + |V U | 2 ) 3 J 

g PkprPlpr \ r, UqUjk + U t U ik l UiUi k U q U q i [ 



PkkPppPrrPll I 1 + |Vu| 2 (1 + |Vu| 2 ) 5 



THE WEYL PROBLEM IN HYPERBOLIC SPACE 



15 



Note that at the point P, we have 
(4.20) cr 4 = 2 



PkkPppPrr PkkPppPrrPll 

(4.21) p pr = -(uu pr + u p u r + 5 pr ), 

(4.22) Pkpr — (^k^pr H~ ^^kpr H~ ^kp^r H~ ^p^£;r)i 
Pikpr i^-t'ik'U'pr ^k^ipr ^'i^kpr H~ ^^ikpr 

(4.23) 

^ikp^'r ^kp^ir ~t~ ^ip^kr ~t~ ^p^ikrji 

and 

qj\ ^ ^i^t q u i u ikpr Pfcpr q 

l ' J (1 + |V U | 2 ) U ~ (1 + |Vu| 2 ) p fefe p wPl ., 2 ' 

where 

g ^ ^ g u i u ikpr Pkpr 

(l + |Vw| 2 )w PkkPppPrr (1 + |Vu| 2 ) 

(4.25) = 4 ,. , < -2 [WifeWpr + UfcUjpr + WiUfcpr + WrWifcp 

V ; (l + |Vu| 2 )u [ PkkPppPrr 

l _o PkliPkprPlpr I 
i^kp^ir i ^ip^kr < ^p^ikrl f • 

PkkPppPrrPll J 

Therefore, 
(4.26) 

(1 + | Vt/p) W 

\ 2 i o Pkpr ( K-kpr K^pK r + Kk r Kp + K]^Kp r Kj^KpKj 
d. & + ^ — 77~~ 777^ r ^" 



PkkPppPr 



K K 2 K 3 



_ g PkprPlpr ( Kkl^ _ K k Ki \ g g 
PkkPppPrrPll \ K K 2 ) 

Recall that a point P near (0, 0,u(0,0)) has been fixed, a rotation of coordinates 
has been performed about P so that {pij} is diagonal at P. Consequently, {/ly} is 
diagonal at P as well. Thus, 

(4.27) Pll p 22 =w i K = K(l + \Vu\ 2 f , 
and 

(4.28) p n + p 22 = u 2 w(h n + h 22 ) = 2wH . 

We denote H = ^(/iu + h 22 ). 
Since, 

2H = g 11 h n +g 22 h 22 

= v 2 hll +u 2 (l-4,)h 2 



(4.29) 

< 2H, 



w 2 



2/7 7 \ ^1 2 7 ^2 2 7 

= U (/in + «22j "11 /l22 

w z w z 
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we see that 
(4.30) 
We have 
(4.31) 
Thus, 

(4.32) 



< 



2H > \h. 



< pu, P22 < 2wH < 2w 3 H. 

2w 3 H 2H 



1 



< 



pu pupa-a-i w 4 K KW 
Also, by assumption, |Vu|(0, 0) = 0, so near (0,0), |Vu| < 1. In the above coordi- 
nates at P, 

|Vu| 2 (P) = uj + uj. 

So, we have |ui| < 1, \u2\ < 1. We may also assume u > 1 near (0, 0). Moreover, at 
P 



pI 



pr 



kpr 



PkkPppPrr 



Thus for each fixed r, we have 



n 



pr 



PkkPppPrr 



<CT, 



and 



Now, at P, 



< a 1 ' 2 . 



y/PkkRppP rr 



\VK\ 2 = Kf+Kl 
\V 2 K\ 2 = K\ x + 2K\ 2 + K? 



22- 



kpr 



Therefore, from (4.26), 



E 

kpr 



pr 



\Pkpr 



Kkpr _ {Kk P K r + K kr K p + K pr K k ) 2K k K p K r 
K K 2 K 3 

1 f\V 3 K\ 3\V 2 K\\VK\ 2\VK\ 3 



(4.33) 



< 2 ]T 

^ r \j PkkPppPrr yj PkkPppPrr \ K 



K 2 



K 3 



< 2 1/2 ( \^K\ Z\V 2 K\\VK\ 2\VK\ 3 \ v 1 

I K K 2 K 3 J 

< 9 1/2 ^ |V 3 ^I ^ 3|V 2 if||Vif| 2|VAf ^ ^ 



fcpr V 'PkkPppPrr 
2 3/2^3/2 



#3/2^3/2 



^ C _l/2 
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where C is a constant depending on the maximum of — near (0, 0), \K \c* , K x l 2 \ V 3 K\ 
\VK\/K^ 2 , and the maximum of H. Next, still from (14. 261), 



^PkprPlpr 
PkkPppPllPrr 



Km K k K t 
K 



K 2 



< 



(4.34) 



\V 2 K\ 
K 



ivgj 

K 2 



E 

kplr 



3\Pkpr\\plpr\ 



y/ PkkPppPrr y/ Prr PppPll V ' PkkPtt 



< 3a 



\V 2 K\ 
K 



\VK\ 
K 2 



x T 



H 

Kw 



C 



Finally, estimates are to be obtained for |5i| and \S 2 \- From ( |4.21[ ), \4.22\ , ( |4.23[ ), 
and the assumption that u > 1 near (0, 0), we know at P that 

\uu pr \ < \p pr \ + 2, 



(4.35) \u pr \ < \p pr \ + 2 < 2w 3 H + 2, 
and 

U^kpr Pkpr ^k^pr ^r^kp ^p^kri 

\u kpr \ < \uU kpr \ < \pkpr\ + 3^ (\Ppr\ + 2) 

(4.36) < \pk P r\ + 24w 3 H + 24 

< cr 1/2 ^PkkPp P Prr + 24w 3 + 24 

< cr 1 / 2 x 2 9/2 w 9/2 H 3/2 + 2Aw 3 H + 24. 

Now for 1 5*i | we have, 

< 8 ^ fcpr l _ _ (\u ipr u ik \ + \uipU lkr \ + \u lr u lkp \) 

yj PkkPppPrr yj PkkPppPrr ^ r 

+ 48 l^ fc P r l 1 _ V" \u q u qr \ (\ui P Uik\ + \uiU ik p\) 

y/PkkPppPll ^PkkPppPrr 



32\pkpr 



(4.37) ^/PkkPppPrr ^/PkkPppPrr 



-=- \UikUl p U qr UiU[l 



l2\pkprPlpr\ 1 V-W, ,,, h 

- , > {\UiiUik \ + \UiUiki\) 

\J Pk k Ppp Prr a/ Prr PppPll \JPkkPll T7T 

24|/5fc„ r pz pr | 1 r-s 

~ , > \UiU q U ik U q l\ 

\J PkkPppPrr y Prr PppPll \JPkkPll 

I + II + III + IV + V. 
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23/2^3/2 



!< 8 - 1/2 x 23 x >< 24 

x Z{2w 3 H + 2) (JT, \pt pr \ + 2Aw 3 H + 24 



< 



C 



K 3/2 



al/2 ^2\Pwr\ 



C 



ipr 

c 



K 3/2 



rV2 



C 



1/2 



(4.39) 



o3/2 rr3/2 

II < 48^/2 x 2 3 x ____ x 2 5 [(2u , 3jff + 2) 3 

+(2w 3 H + 2) (cr 1 /^ 9 / 2 ^ 9 / 2 ^ 3 / 2 + 24w 3 H + 24 



< 



C 



rV2 



(4.40) 



IIJ < 32o- 1/2 x 2 3 



2 3/2^3/2 
jf3/2 w 3/2 



2 6 (2w 3 H + 2) 



< 



C 
^372' 



(4.41) 



H 

IV < 12a x 8 x 2 3 \(2w 3 H + 2) 2 

Kw 

+2 9/2 w 9/2 H 3/2 a 1/2 + 2Aw 3 H + 24 

< £^+^3/2 

~ K K 



(4.42) 



V < 24a x — x 2\2w 3 H + 2) 2 < —a. 

Kw K 



Combining equations ( 4.37 1— ( 4.42 1, we get 

C 



(4.43) |5i|< 
Similarly, we have 

|S 2 | < 



C 



K 3/2 
8\pkpr\ 



K 3/2 



< J 1 / 2 + -a+-a 3 / 2 . 
K K 



~^=^= ^ [3\u t kU pr \ + 4:\u k u ipr \] 

yj PkkPppPrr yj PkkPppPrr ^ r 

iPkprPlpr\ , 

y/PkkPiiplly/PkkPppPrry/PrrPppPll 



(4.44) 



< 8cr 1/2 X 2 3 X 



2 3/2 i? 3/2 



2 4 [3(2w 2 H + 2) 2 



X3/2 w 3/2 

+4 (V /2 2 9/2 u; 9/2 .ff 3/2 + 24:W 3 H + 24 
+ 12a 3 / 2 x 2 5 x 2 1 / 2 W 3 / 2 ff 1 / 2 



< 



C 



a 1 / 2 + 



C 



Co 3 ! 2 . 
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Therefore, 

(4.45) 

Moreover, 



2 1 /2 

C r(7 l/2_£ CT _£ (T 3/2_ c , fT 3/2^ 



if 3 / 2 if X 



ffVa (J 4 „ 3 4 

< — cr 2 H — X 



if3 - 4 4(5 4/3 X 4 ' 

^1 ^! 2 _L _L 

< — =- +(J 3/2 , 



^3/2 - ^3 

a 3 / 2 < 



2 



6K 2 ' 



a s x 2 1 



X " 5K 2 ' 

a 1 / 2 J_ 
K 3 / 2 ~ K + K 2 ' 

° m < A 2 a 
< otr 1 



Therefore, choose 5 > small, we have 

cr 2 C 

(4.46) La> -. 



□ 



Following the idea of Ia92], we obtain an estimate for K 2 a and K\VH\ near 
(0, 0) and finally prove Theorem |1. 2 1 



Lemma 4.3. Let X : (S 2 .g) — > (H 3 ,/i) 6e a C 2 isometric embedding, and g E C 5 
is a metric with positive Gauss curvature K. Then 

K 2 a < C, K\VH\ < C, 

where C is a constant depending only on the maximum of — near (0,0), the max- 
imum of\K\ C 2, the maximum of K 1 / 2 |V 3 if |, the maximum of \S7 2 K\/K, and the 
maximum of mean curvature H. 



Proof. Recall that 



det Hessp , , 



(4.47) — r - = u"w l K. 

' det g 

Without loss of generality, it's assumed that |Vu|(0, 0) = and that the inner 
normal of embedding is chosen so that the mean curvature H is positive. Now let 

(4.48) < / = K 2 a. 
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If / has its maximum away from (0,0), then an estimate follows since the equation 
(4.47) is uniformly elliptic there. So assume / achieves its maximum at Q, where 
Q is in some small ball centered at (0,0). Then, 

MQ) = Q, {/«(<?)} <0 

holds at Q. Since {p ij } > 0, 

(4.49) P i3 'MQ)<0. 
Computing, we have 

(4.50) f l = 2KK l a + K 2 a l , 



(4.51) 



fij = 2K i K i a + 2KKijO + 2KK i o i + 2KK J a l + K 2 a i:j . 



Combining (4.50) and (4.51) we get, 

(4.52) f i:j = 2KKij<T - &KiK 3 a + K 2 a tj . 
Therefore, 

(4.53) > /-'■'/,, = 2 i , ,j K,,I\g - (>//•' K, K ,n + h'p'cr,,. 
and 

(4.54) l\ ' i>" c ,, < (■<//■ ! K,ly, J - 2p»K ij Kf. 



Next, (4.1) may be rewritten as 
(4.55) 



(1 + |Vm| 2 )m 



> If 2 - c. 

- 2 J 



Thus, 



(4.56) 



f<2C + 2K^a ij + 7 ^% 
(1 + \\ur)u 



16K 3 u,K, 



<2C + l2 P -K i K j f-4p«K ij Kf- {i + W)u 
Since |Vu| < 1 near (0,0), we have |ui-?Ti| < |Vi4T|. Moreover, at Q, 



(4.57) 

Similarly, 
(4.58) 



< p"l\,l\ , = p n Kf + p 22 K\ 

K? Kl 2H , - . 
= -L + -*< — (Kl + Ki 

Pll P22 Kw 

_ 2H \sJK\ 2 
w K 



\p ij KijK\ 



KuK | K 22 K 

Pll P22 

< —\V 2 K\. 
w 
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So, we have 

(4.59) f(Q) <C + Cf(Q). 

This shows that K 2 a is bounded. 

Next, we are going to estimate K\VH\. We know that 



(4.60) 



2H = 



1 



1 1 1 2 



Pa- 



Differentiating and multiplying by K we get 



(4-61) 



2KVH = KV 



~ 

w V ' 



w \ 



Since the first term is bounded by |-X"|c?», we only need to find a bound for the 

second term. 

(4.62) 



w \ 



Kpijk 



< max 



< max 



— max 



< max 



H 1 

w V 

H l 

w V 

i ( i 



E^ 2 



o 2 



w 



2~ 



8K 2 a x 8w 9 H 



PiiPjjPkk 



PiiPjjPkk 



We can see that every term on the right hand side is bounded. Therefore, we have 
K\VH\ is bounded. □ 



4.2. Proof of Theorem 1.2. Now, we are ready to prove Theorem |1.2| The proof 
is the same as in the Euclidean case (see |Ia92j ). For completeness, we include it 
here. 

From Theorem | l.l[ we know that there exists Xq g C 1 ' 1 realizing g°. Now choose 
a sequence of C°° isometric embedding {X e } and corresponding metrics {g e } such 
that 

Il3 e -S°llw) ->0, 
the extrinsic Gauss curvature K e > 0, 

and 



where by assumption < c = liminfQ_s.p. H(Q). Then, from Lemma 4.3 
(4.63) 



K e \V g .H%. <C 
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on B ri {Pi) where and C are independent of e. Also, on S 2 \B ri (Pi), the {K e } are 
bounded from below. Therefore, by standard elliptic theory, 



(4.64) 

on S 2 \B r .(Pi) and C is independent of e. Hence, 



(4.65) 



K e \V g eH%* <C 



on S 2 . 

Now, since H e > c/2 > 0, there exists > independent of e such that in 



(4.66) 
Hence, 

is differentiable, and 



(£P) 2 - K e > c > 0. 



-K'Vg.H* 



From (4.65) and (4.661 it's easy to see that 

|V fl .Ki, e | <C 



where C is independent of e. 



5. A PRIORI BOUNDS IN N-DIMENSIONS 

5.1. Formulas on hypersurfaces and some basic identities. In this section 
we recall some basic identities on a hypersurface that were derived in [GSllj by 
comparing the induced hyperbolic and Euclidean metrics. In the following, we 
identify H n+1 with the upper half-space model. 

Let S be a hypersurface in H™ +1 . We shall use g and V to denote the induced 
hyperbolic metric and Levi-Civita connection on E, respectively. As S is also 
a submanifold of we shall usually distinguish a geometric quantity with 

respect to the Euclidean metric by adding a 'tilde' over the corresponding hyperbolic 
quantity. For instance, g denotes the induced metric on E from ]R™ +1 , and V is its 
Levi-Civita connection. 

Let x be the position vector of E in R™ +1 , and set 

u = x • e 

where e is the unit vector in the positive direction in and '•' denotes 

the Euclidean inner product in K n+1 . We refer to u as the height function of E. 
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We assume E is orientable and let n be a (global) unit normal vector field to E 
with respect to the hyperbolic metric. This also determines a unit normal v to E 
with respect to the Euclidean metric by the relation 

n 



We denote v n+1 — e ■ v. 

Let (z\, . . . , z n ) be local coordinates and 

U = ^— , i = l,...,n. 

OZi 

The hyperbolic and Euclidean metrics of E are given by 

The second fundamental forms are 

hij = (D Ti Tj,n) = -(D T .n,Tj), 

hij = v ■ D T .Tj ~ ~Tj ■ D T .v, 

where D and D denote the Levi-Civita connection of H n+1 and R n+1 , respectively. 
The following relations are well known (see (3.5 1): 

,71+1 

,2 9ij 



(5.1) 



(5.2) 
and 
(5.3) 



U v_ 
u 



u- 



where k±,- •• ,n n and %, • • • , fc n are the hyperbolic and Euclidean principal curva- 
tures, respectively. The Christoffel symbols are related by the formula 

1 

— i 
it 



(5.4) r*. = r* - -{ Ul 5 kj + Uj 5 ik - ~g* l ui~ gij ). 
It follows that for v £ C 2 (E) 

(5.5) VijV = Vij - rfjUfc = VijV + - {uiVj + UjVi - g kl uiv k gij) 
where 



dv 



d 2 v 



dzi ' y dziZj 



etc. 



In particular, 

(5.6) 

and 

(5.7) 

Moreover, 
(5.8) 



Vi,-u = Vi,-u H - 



- ~kl 

-g u k uigij 



1 1 -M 

'-^Vytt+^p UkUig.j. 



V 



1 1^. 



1 



1£ W It IT 
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In R ,l+1 , 

, N ~ 9 kl u kUl = |Vu| 2 = 1 - {v n+1 ) 2 

(5.9) . L ,. 



Therefore, by (5.3) and (5.7), 



(5.10) ( 



V«- = Y-lHi + -(1 - {v n+X ?)~9ij 



[ga-v^hii). 



We note that (5.8) and ( 5.10[ ) still hold for general local frames t\,.. . ,t„ 



5.2. Proof of Theorem 1.3. For simplicity, in this subsection we are going to do 
calculations in the upper half-space model. 

Let g be a C 4 metric of nonnegative sectional curvature on S n , and X : (S n ,g) — > 
HP +1 be a C 4 isometric embedding into the hyperbolic space H n+1 (we assume 
that the critical points are finite and isolated). Then as in [Po64 , for any point 
P £ X(S n ), we can always construct a convex cap to, such that P £ lu and dui is 
a n — 1 dimensional submanifold with positive curvatures. Using the techniques 
introduced in Section [3j we can always assume that lj can be represented as a graph 
over W 1 x {0} in the half-space model, and on dui the height function u = c > 0. 

When ui is strictly convex, we can apply results of |GSS09| directly and obtain 
a priori bounds for the principal curvatures which only depend on the metric g on 
C S n . 

When there exists a critical point, say Po € w. By lifting u> — {(x, u(x)) \ x € W 1 } 
to uj e — {(x,u(x) + e)| x € R™}, e > small, we obtain a sequence of g e £ 
C 4 (X _1 (w)) with positive sectional curvatures which are isometrically embeddable 
in ET™ +1 , and g e converges to g on X^ 1 ^). 

Now, we are going to generalize the result we proved in Section[2]to n-dimensions 
(n > 3), and in the following, for convenience, we drop the dependence on e in our 
notation. 

Theorem 5.1. Let g be a C 4 metric with sectional curvature > — 1 and let X : 
(S n ,g) — > H™ +1 be a C isometric embedding. Suppose the sectional curvature S of 
g satisfies 

(1 ) S(Pi,x) = -1 for some X £ A 2 T Pi M; l<i<n, 

(2) S(Q) > — 1, for any Q ^ Pi, where {Pi} £ S n are finite isolated points. 

Let H be the trace of the second fundamental form of X, and let R be the extrinsic 
scalar curvature of g. Then the following inequality holds: 

(5.11) H 2 <C 1 \AR\ + C 2 (R 2 + R), 



where C%, C% only depends on the metric g and dimension n. 
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Proof. Similar to Section [5J we consider a function / = e«H in B r (X(Po)) with 
a > to be chosen later. By the procedure introduced in Section [3j we can as- 
sume u(X(Pq)) > 1 and Vm(X(Pq)) = in the upper half-space model. Choosing 
r > small enough, we have (i/ l+1 ) 2 > 1 — (minu/4maxw) 2 in B r (X(Po)). As- 
sume / achieves its maximum at an interior point Q € B r (X(Pa)). We choose 
a local orthonormal frame t±,--- , t„ around Q. For convenience we shall write 
Vij — Vijf, hijk = Vkhij, hijki — Vikhij, etc. Then, at this point, we have 



(5.12) 



fi = at 



H + Hi = 0, 



(5.13) 



fii = e « \aH 



-a 2 H 



Hij < 0. 



Since R = H 2 - trA 2 , by (5.12), we have 



AR = 2HAH + 2\VH\ 2 - 2\VA\ 2 - 2h ij Ahi 



(5.14) 



Also, 



(5.15) 



< 2HAH + 2a 2 



u 



H 2 - 2/,'-7/,, + 2W {R ]llk h lk + R^h]) 



2{trA 2 ) 2 - 2trA 3 trA 
= 2(H 2 - R) 2 - 2trA 3 trA 

< 2{H 2 - Rf - trA {2{trAf - 3[{trA) 2 - trA 2 ]trA) 

< -H 2 R + 2R 2 , 



where we used 3 xf) (J2 x i) — (J2 x i) 3 + 2 irf , for x; > 0, 1 < i < 



Denote d 2 = 1 



,71+1} 



) . Comb ining ( |5.15[ ) and ( |5.14[ ), we get 



(5.16) 



AR < 2HAH- 2h lJ Hi, 



-H 2 + 2h ij \(h jt h lk - h jk h u ) 



(9ji9lk - 9jk9li)} h lk + 2h ij [(h k h lk - h k h u ) ~ {g k g lk - g k g H )] h 
: 2HAH - 2h , 'U, J + 2—^-H 2 + 2 [{trA 2 ) 2 - trAHrA] 
2h ij g ij9lk h lk + 2h ij g jk g u h lk - 2h^g k g lk h\ + 2nh ij ' 9li h\ 



< 2HAH - 2h l3 H, 



a 2 d 2 



a 2 d 2 



H 2 - RH 2 + 2R 2 - 2H 2 + 2n{H 2 - R) 



< 2(Hg l: > - h l] )H l3 + 2—=-H J - RH 2 + (2n - 2)H Z + C 2 {R 2 + R), 



where we used (5.9) 
At Q, 



(//.'/'•' - h ij ) fa < 0. 
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We have 
(5.17) 

(Hgf* - h ij ) Htj < (HgV - h ij ) ( -aH [-) + a 2 H 



Therefore, 

(5.18) 

By 



-<*# 2 (n-l) atftf a 2 d 2 ff 2 

< v + v n+1 + -„ — . 

u u u 



AR< -Mn-l) H2+ 2aHR VY - T2 
u u 

A 2 J2 tt2 

+ ^1JL_ _ ^2 + (2n _ 2)R 2 + C2{R 2 + R) 



RH {2uu\j\ - d 2 -H) < Ra 2 u 2 {\ - d 2 ) 



we have 
(5.19) 



u 2 AR < -2au(n - l)H 2 + Aa 2 d 2 H 2 + (2n - 2)u 2 H 2 
+ a 2 u 2 (l - d 2 )R + C 2 (R 2 + R). 

Choosing a = min ^~ 1 „ ) - (max x(s ») uf , we have 



(5.20) u 2 AR<^-(n-l) 2 H 2 +C 2 {R 2 + R). 
Thus 

(5.21) i? 2 < d\AR\ + C 2 (R 2 + R). 



□ 
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